Photon-assisted entanglement creation by minimum-error generalized quantum 
measurements in the strong coupling regime 
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In generalization of the hydbrid quantum repeater model of van Loock et al. [IJ we explore 
possibilities of entangling two distant material qubits with the help of a single-mode optical radiation 
field in the strong quantum electrodynamical coupling regime of almost resonant interaction. The 
optimum generalized field measurements are determined which are capable of preparing a two-qubit 
Bell state by postselection with minimum error. It is demonstrated that in the strong coupling 
regime some of the recently found limitations of the non-resonant weak coupling regime can be 
circumvented successfully due to characteristic quantum electrodynamical quantum interference 
effects. In particular, in the absence of photon loss it is possible to postselect two-qubit Bell states 
with fidelities close to unity by a proper choice of the relevant interaction time. Even in the presence 
of photon loss this strong coupling regime offers interesting perspectives for creating spatially well 
separated Bell pairs with high fidelities and with high repetition rates which are relevant for future 
realizations of quantum repeaters. 

PACS numbers: 03.67.Bg, 42.50.Dv, 42.50.Ct, 42.50.Pq 



I. INTRODUCTION 

Entanglement is a primary resource for quantum tech- 
nology [2j. For applications in quantum communication, 
such as quantum key distribution, for example, the gen- 
eration of well-controlled entanglement between spatially 
separated quantum systems is of crucial importance. For 
this purpose quantum repeaters Q are needed which 
counteract the destructive influence of uncontrolled en- 
vironmental interactions. 

Since the early work of Briegel et al. 0, H| there have 
been numerous theoretical proposals suggesting differ- 
ent physical platforms for realizing quantum repeaters 
They are based on the main idea of creating entan- 
glement between quantum systems over large distances 
with the help of a chain of many uncorrelated pairs of 
quantum systems each of which is entangled over a sig- 
nificantly shorter distance only. Performing appropriate 
Bell measurements on each of the two qubits of adjacent 
entangled pairs it is possible to swap the already exist- 
ing short-distance entanglement to the largely separated 
outermost quantum systems of such a chain. 

From the experimental point of view the realization 
of a quantum repeater still constitutes a major techno- 
logical challenge. Essential for any such realization are 
two prerequisites, namely efficient physical mechanisms 
for generating highly entangled pairs of quantum systems 
with high success probabilities and high repetition rates 
and optimal ways for implementing complete Bell mea- 
surements accurately. It has been demonstrated theoret- 
ically [H that the exchange of photons provides powerful 
means for entangling material quantum systems at least 
over distances of moderate lengths, say a few kilometers, 
thus suggesting practicable solutions for the first prereq- 
uisite. 

An interesting example in this respect is the recent 
theoretical proposal of van Loock et al. 0, H, @] of a 



hybrid quantum repeater based on continuous variables. 
It suggests the exchange of a single-mode coherent state 
of an optical radiation field for purposes of entangling 
spatially separated material qubits. It takes advantage 
of the fact that experimentally these field states can be 
controlled well and that they can also be produced with 
high repetition rates. The main idea of this proposal 
is to entangle a single-mode optical radiation field with 
two initially uncorrelated material qubit systems quan- 
tum electromagnetically and to create entanglement be- 
tween these two qubits by an appropriate measurement 
of the quantum state of the radiation field which post- 
selects a Bell state of the two material qubits. In their 
original proposal van Loock et al. [3, @ discuss cases 
in which the qubit systems couple to the radiation field 
in a non-resonant way so that their quantum electrody- 
namical interaction is weak and can be described per- 
turbatively. Although offering a transparent theoretical 
description this perturbative regime of the electromag- 
netic coupling also causes major limitations as far as the 
achievable degree of entanglement is concerned. These 
limitations can be traced back to the fact that the rele- 
vant field states which have to be distinguished in order 
to postselect a Bell state of the material qubit pair are 
not orthogonal. Thus, these field states cannot be distin- 
guished perfectly by any quantum measurement so that 
the entanglement of the postselected material two-qubit 
state is never perfect. In view of these developments the 
natural question arises whether it is possible to circum- 
vent these limitations and to provide a physical mecha- 
nism which is capable of producing entangled two-qubit 
pairs not only with a high repetition rate and high suc- 
cess probability but also with arbitrarily high degree of 
entanglement. For any future realization of a quantum 
repeater such a mechanism for creating at least short- to 
intermediate-distance entanglement between two qubits 
is useful as it is expected to increase final rates of pro- 
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ducing long-distance entanglement by subsequent entan- 
glement swapping and quantum state purification signif- 
icantly. It is a main aim of this paper to address this 
question. 

In the following it is demonstrated that the strong cou- 
pling limit of the quantum electrodynamical interaction 
offers significant advantages for photon-assisted entangle- 
ment creation between material quantum systems. Cou- 
pling two material few-level systems almost resonantly 
to a single mode of the quantized radiation field the per- 
formance of entanglement creation processes, such as the 
one originally proposed by van Loock et al. can be 
improved significantly. This way it is possible to circum- 
vent previously discussed limitations which result from 
the restriction of the quantum electrodynamical interac- 
tion to the weak coupling limit. In contrast, in the strong 
coupling limit it is even possible to realize physical situ- 
ations in which two material quantum systems can be 
postselected in a perfect Bell state by an appropriate 
von Neumann measurement of the quantized radiation 
field. However, for this purpose it is necessary to con- 
trol the relevant interaction times between the quantized 
radiation field and the two material few-level systems ap- 
propriately. For sufficiently intense radiation fields these 
interaction times can even be chosen so short that effects 
of spontaneous emission of photons into other modes of 
the radiation field can be neglected so that a major deco- 
herence mechanism can be eliminated and all advantages 
of quantum interferences can be exploited. 

This paper is organized as follows. In Sec|TT] we in- 
troduce the quantum electrodynamical model in which 
two elementary three-level systems interact with a sin- 
gle mode of the optical radiation field. Furthermore, we 
develop the general framework for describing the post- 
selection procedure which prepares distant qubits in a 
Bell state by an optimal generalized field measurement 
which introduces minimum errors. Numerical results are 
presented for characteristic quantities which quantify the 
success with which a Bell pair is prepared, its fidelity and 
the minimum error with which this postselection can be 
achieved. Whereas Sec|TI] discusses cases in which the 
propagation of the optical radiation field between the 
two qubits is ideal, in Sec lIIII modifications originating 
from photon loss during this propagation are taken into 
account. 



this chapter is to explore the dynamics of this system in 
the strong coupling limit in which both three-level sys- 
tems interact with the quantized radiation field almost 
resonantly and to investigate to which extent minimum- 
error field measurements are capable of postselecting a 
high-fidelity Bell state efficiently. 

A. The quantum electrodynamical model 

In analogy to the original quantum repeater proposal 
of van Loock et al. [f| we consider two spatially separated 
elementary (material) three-level systems A and B, e.g. 
trapped atoms or ions, with energy eigenstates \0)i, |l)i, 
and \2)i (i e {A, B}) and associated energies E ,Ei, and 
E2 (compare with Fig{TJ). The energy eigenstates and 
\2)i with i e {A, B} are assumed to be of opposite parity 
and to be be coupled almost resonantly to a radiation 
field of frequency uj by an allowed optical dipole tran- 
sition. Each of these two material quantum systems is 
assumed to be surrounded by a cavity so that each of 
these systems interacts with a single cavity mode only. 
Furthermore, these cavities are assumed to be linked by 




•<^J77L 

_P77l!=>o 



—x 12) 

Ai 




II. PHOTON-ASSISTED ENTANGLEMENT 
CREATION 

In this section we discuss a quantum electrodynamical 
model describing a typical interaction scenario in which 
two spatially separated elementary (material) three-level 
systems are entangled by their almost resonant interac- 
tion with a single-mode of the quantized radiation field. 
In the weak coupling limit this model has been introduced 
by van Loock et al. jl| as an efficient method for gener- 
ating distantly entangled qubit pairs. Our main aim in 



FIG. 1: Schematic representation of photon-assisted entangle- 
ment creation: After the first interaction of duration r of a 
photon wave packet with the material quantum system A in- 
side a cavity this wave packets propagates a distance L = cT 
with speed c through an optical fiber and interacts in a similar 
way with the second material quantum system B. Immedi- 
ately afterwards this photon wave packet is projected by a 
minimum-error two-valued POVM measurement with mea- 
surement results m £ {1,0}. The measurement result m = 1 
prepares both material quantum systems in a Bell state l^" 1 "} 
with success probability Pseii and with fidelity F opt . 
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an optical fiber through which the photons of one cavity 
can travel to the other cavity. The coupling of the far- 
detuned third level |0) to the radiation field is assumed to 
be negligible. The energy eigenstates |0) and |1) can be 
two energetically low lying atomic states of different par- 
ity, for example, whose energy separation is determined 
by hyperfine splitting. These two states serve as a qubit. 
It is the main purpose of the subsequent discussion to en- 
tangle the two qubits of systems A and B formed by the 
states |0)j and (i e {A, B}) by the strong quantum 
electrodynamical coupling of the optical radiation field to 
the states and |2)j (i 6 {A,B}) of these two three- 
level systems. For this purpose we assume, in analogy to 
the originally proposed hybrid quantum repeater model 
of van Loock et al. [l[ , that the interaction between these 
two three-level systems and the optical radiation field can 
be described in the framework of an effective single-mode 
description with the help of a slowly varying amplitude 
approximation. 

In order to entangle the two material quantum systems 
A and B with the help of the optical radiation field we 
consider a Ramsey-type interaction scenario as depicted 
schematically in Fig[TJ In a first step the single-mode 
radiation field, which is prepared in a coherent state |a) 
initially, interacts with the three-level system A during a 
time interval of duration r. Subsequently, the entangled 
matter-field system evolves freely without any coupling 
for a time interval of duration T. This part of the dy- 
namics describes the propagation of the optical radiation 
field from system A to the distant system B. In the third 
and final step of the interaction this single-mode optical 
radiation field interacts with system B during a time in- 
terval of duration r. If we neglect spontaneous emission 
of photons of the three-level systems into other modes of 
the radiation field the dynamics of this three-stage pro- 
cess can be described by the Hamiltonians 

< t < t : H = H (A \ 
t <t <T + t : H = H A + H B + huia'a, 
T + T<t<T + 2r: H = H (B) (1) 

with# W = H A +H B +huja> a+hga\2) j j {l\+hg*tf\l) #(2| 



and j £ {A, B}. Thereby, the unperturbed Hamiltonians 
of systems A and B are given by Hi — 7kJo|0)jj(0| + 
R(wai/2)|2)ii<2| - H(uj 21 /2)\l) u (l\ with i e {A, B} and 
with W21 = (E 2 — E\)/h and Swo = Eo + {E\ + E 2 )/2. 
The unperturbed Hamiltonian governing the dynamics of 
the single- mode radiation field is given by Hp — hjja* a 
with the creation and destruction operators a* and a of 
the single- mode radiation field. In Eq.([T]) the interaction 
between this optical field mode and the material systems 
A and B is described in the dipole and rotating wave ap- 
proximation. It is characterized by the coupling param- 
eters gi = — i(2\d\l)i^/Hui I ^(2eo)gi(xj) j H which involve 
the transition dipole moments (2|d|l)j and the normal- 
ized mode functions of the single mode radiation field 
gi(x) in their respective cavities. For simplicity in the 
following we concentrate on cases of symmetric couplings 
in which gA — 9b — 9- The modulus of this characteris- 
tic coupling strength defines the resonant vacuum Rabi 
frequency, i.e. fl vac =| 9 | In Eq.(H|) it is assumed 
that the dynamical evolution of the optical radiation field 
during its propagation through the optical fiber from sys- 
tem A to system B is ideal so that it is not affected by 
any uncontrolled couplings to an environment. Realis- 
tic effects of photon loss during this propagation will be 
discussed in Sec lIIII 

Initially, the quantum state of the two systems A and 
B and the single-mode radiation field is assumed to be 
separable and of the form 

m -o))-B^»&! + Ml»y>. (2, 

Thus, this state can be prepared by local operations act- 
ing on the initially uncorrelated material three-level sys- 
tems. The single-mode radiation field is assumed to be 
prepared in the coherent state |a) with the mean photon 
number n = \a\ 2 . 

It is straightforward to determine the quantum state 
\^(t)) at time t = T + 2r after the Ramsey- type interac- 
tion sequence described above. It is given by 



l*(*)) = ^|0) A |0) B |ae-- *>e-**™ + \ 9 i(t))\* + ) ABe^*™ + \g 2 (t)) (\Q) A \2) B e-^ + \2) A \0) B e-^) + (3) 
| ff3 (<))|l) A |l) B e-^ + | 5 4(t))|2)A|l) B e- I$21 + \g 5 (t))\l) A \2) B e-^ + \g 6 (t))\2) A \2) B e~^ 



with the Bell state \^+) AB = (\0} A \l) B + \0)a\1)b)/V2 
involving the two distant qubits of systems A and B. The 
time-dependent phases $oo — 2wo^ $10 = u>ot — lot/2 — 
w 2 i(T + t)/2, $20 = u Q t + lut/2 + lu 21 {T + t)/2, $02 = 
Lj t + lot/2- w 2 i(T + T)/2+o;(T + r),$i 1 = -w 21 (T + 



t)-UT, $12 = -UJ 2 l{T + T)+Ld(T+T), $21 =0,$22 =LOt 

characterise the interferences appearing in this Ramsey- 
type interaction scenario. The (unnormalized) pure field 
states \gj(t)) (j = 1, ...,6) entering Eq.® are defined by 
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(4) 



with the normalized photon number states \n) (n 6 No). 
The parameter fi(n) := \J A 2 /4+ | g | 2 n denotes the ef- 
fective Rabi frequency associated with the photon num- 
ber n of the optical radiation field and A := w 2 i — u is 
the detuning from resonance. 



The quantum state of Eq. ([3]) yields a complete descrip- 
tion of the interaction between the material quantum sys- 
tems A and B and the single-mode optical radiation field 
in the idealized case of free evolution during the propaga- 
tion of the optical radiation field through the fiber from 
system A to system B. In particular, it clearly exhibits 
the resulting entanglement between the material systems 
A and B on the one hand and the radiation field on the 
other hand. In the weak coupling limit of large detunings 
from resonance this latter entanglement has been used in 
the proposal by van Loock et al. [l| for creating an entan- 
gled Bell state \^ + )ab by projecting out the field state 
\gi{t)} by a generalized positive-operator- valued quan- 
tum measurement (POVM) [ij-flil] performed on the op- 
tical radiation field. However, in the weak coupling limit 
the field states \gi(t)) (i = 1,...,6) are not orthogonal so 
that the field state \gi(t)) cannot be distinguished per- 
fectly from the other field states. This limits the achiev- 
able entanglement of the entangled state of the two ma- 
terial qubits significantly. In the subsequent subsection 
it will be demonstrated that in the strong coupling limit 
of almost resonant quantum electrodynamical coupling 
these limitations can be circumvented and in certain dy- 
namical regimes even perfect Bell states \^ + )ab can be 
prepared by suitable quantum measurements on the op- 
tical field. 



B. Postselection of Bell states by minimum-error 
field measurements 

In this section we investigate to which extent the 
Ramsey-type interaction scenario discussed in the pre- 
vious subsection can be optimized in order to prepare 
a maximally entangled Bell state between the distant 
material quantum systems A and B by an appropriate 
minimum-error POVM measurement of the optical field. 
This aspect is of particular interest for future realiza- 
tions of quantum repeaters which require high-fidelity 
Bell pairs as a resource. It is demonstrated that in the 
ideal case in which the propagation of the optical radia- 
tion field through the fiber from system A to system B 
is not affected by uncontrolled environmental influences 
in the strong coupling limit of almost resonant interac- 
tion high-fidelity Bell states of systems A and B can be 
prepared provided the relevant interaction times are con- 
trolled appropriately. 

Let us start from the pure quantum state |^(t)) of 
Eq.© which describes the entanglement of the matter- 
field system after the Ramsey-type interaction scenario. 
The resulting field state ppty) is obtained by tracing out 
the material degrees of freedom, i.e. 

p F {t) = Tr AB {\y(t))(y(t)\}=p Pl + (l-p) P2 (5) 

with the field states 

\gi(t)){gi(t)\ 



pi = 



pi 



p 



\\ae'^)(ae-^\+2\g 2 (t))(gm+EU\9At))(9j(.t)\ 



l-p 



(6) 



and with p — (gi(t)\gi(t)) denoting the apriori probabil- 
ity of the pure field state \gi(t)}. In general, the quantum 
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states pi and pi are not orthogonal so that they cannot 
be distinguished by any quantum measurement perfectly 

Therefore, in order to optimize the postselection of 
a perfectly entangled Bell state |\I/ + ),4.b it is necessary 
to perform a POVM measurement on the optical radia- 
tion field with two possible measurement results m, say 
m G {1,0}. The first measurement result m = 1 indi- 
cates an optimal projection of the field state p~F{t) onto 
the pure field state p\ and the second measurement re- 
sult m = 0, indicates an optimal projection of PF{t) onto 
the mixed field state p*2- Let us denote the positive oper- 
ators associated with these two measurement results by 
fi > and < f := I - T\. (I denotes the unit op- 
erator in the Hilbert space of the single-mode radiation 
field.) The positive operator fi of this POVM {fi,T } 
has to be determined in such a way that for a given apri- 
ori probability p the error probability 



E = pTrifofo} + (1 — p)Ti-{p 2 Ti} 



(7) 



is as small as possible. Diagonalizing the Hermitian op- 
erator A :— ppi — (1 ~p)p2 according to A = J2\ M^)(M 
the solution of this optimization problem is given by the 
projection operator [9i-[ll| 



Ti = £|A)<A|=I-f 



(8) 



minimal error probability E m i n would vanish. However, 
the typical non-orthogonality of the field states pi and p 2 
complicates matters and causes unavoidable errors even 
if minimum-error POVM measurements are performed. 

With the optimal POVM measurement {Ti,T } as 
defined by Eq.(|8|) we can associate a determinis- 



tic quantum operation [15| with the Kraus operators 

{C/iVT\, U()\/l — Ti} which allows to determine the 
quantum state of the matter-field system associated with 
the two measurement results m e {1,0} of the optimal 
POVM. Thereby, the linear operators IJ\ and Uq are par- 
tial isometries between the ranges of \fT\ and \/Tq and 
the Hilbert space of the optical radiation field. After a 
successful POVM measurement the state of both mate- 
rial quantum systems A and B is given by 



PABif) 



T rfleld {Mt))(*(t)\Ti} 



(11) 



Note that this quantum state of systems A and B is in- 
dependent of the unitary transformation U. Thus, the 
fidelity F opt of an optimally prepared Bell pair which is 
postselected by a measurement result with value m = 1 
(corresponding to the POVM operator T\) is given by 



A>0 



F opt = v / (* + l/5As(t)|*+). 



(12) 



which projects onto the non- negative spectral compo- 
nents of the operator A. The corresponding minimal er- 
ror probability E m i n of the optimal POVM measurement 
defined by Eq.© is determined by the trace norm dis- 
tance between the two (unnormalized) components ppi 
and (1 — p)p2 of the quantum state /5i?(i), i.e. [tj [Tl| 



E m in = 2 i 1 ~ \\PPi - (1 — P)pa||i) ■ 



(9) 



The probability Pseii with which this optimal POVM 
measurement of the optical radiation field prepares the 
distant material quantum systems A and B in the Bell 
state YS> + ) it thus given by 



PBell = pTrfieid{piTi}. 



(10) 



From Eqs.(|ni) and (JTUJ) it is apparent that if the quan- 
tum states pi and f>2 were orthogonal the positive opera- 
tor Ti of the POVM measurement would be a projection 
operator onto the support of the state p\ and the success 
probability Pseii would be given by p. In addition, the 



In order to obtain some insight into the dynamical pa- 
rameter regimes in which this postselection procedure 
may yield high-fidelity Bell pairs let us concentrate on 
the practically important case of large mean photon num- 
bers, i.e. n = \a\ 2 ^> 1, and on intermediate values 
of the interaction times r of the optical radiation field 
with the quantum systems A and B so that in Eq. © the 
photon- number dependent Rabi frequencies f2(n) can be 
linearized around the mean photon number n. This lin- 
earization is valid if the condition 



\ | ^(n) \ n ^r(An) 2 



i |n l 4 r 



8n |fi|3 



( 13 ) 



is fulfilled so that revival phenomena [8( can be ne- 
glected. Thereby, An = |a| = \ffi denotes the pho- 
ton number uncertainty of the coherent state \a) and 
Q = yJ A 2 /4 + \g\ 2 n and fio = |<?|v^ are the effective 
Rabi frequency and the resonant Rabi frequency associ- 
ated with the mean photon number n. In this lineariza- 
tion the field states of Eq. © can be approximated by 
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|px> = |ae-^)e--i±^S + |«e--e--)e-- 1 - A/(2 " ) 



152) 

Isa) 



2V2 



2%/2 



_ e ^^£ (|ae- !iwt e ie )e ia ' cr - lac ~> 
4ft Vl 7 1 



i6x _ oT (l-A/(2Q)) 2 



l-(A/(2fi)) 5 



I54) = \gs) = -e 



8H 



ae e )e 



(1 + -=) - |ae- <wt e- aw )e- 2i,, ' ' r (l - — ) - |ae 
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if 



96 ) = e 2lip ^ (\ae- luJt e 2lf> )e 2l ^ T + \ae~ iult e- 2ie )e-' 2l ^ T -2\ae~ luJt )) 



so 



(14) 



with g = e^lp], = fi r/(2f2n) <C 1, and with the Furthermore, the overlaps between the coherent state 
modified effective Rabi frequency uj c = U[l - T? /(2Sf)]. &nd the Stat6S and |ff3 P constituting sig- 



This linearization implies that the apriori probability p 
entering Eq.© can be approximated by 



nificant parts of the quantum state f>2 reduce to 



I-fA 
4 \in 



1 + cos(2nr)exp(-(fioT/(f7\^)) 2 /2)) . (15) 



(ae- iut \ 9l (t)) 
<0»(*)l«7i(*)> 



exp(-(fior/(fi\^)) 2 /2) ( cos(fir) + i-^L sin(Or)) 
v 2 \ 2fi 



e -[n^r/(20v^)] 2 /2 , , 



inr (l + A/(2f7)) 3 iTlT (l-A/(2fi)) J 



16V2 



16V2 



-9[r!oT/(2nVn)] 2 /2 f g-3<'<2 



r (l + A/(2f7)) 2 (l-A/(2fi)) , 3 inr (l + A/(20))(l-A/(2fi)) 2 



16V2 



16V2 



[W r/m^)?n /,n, (l + A/(2»))[l-(A/(2»)) 2 ] _^ T (l-A/(2ft))[l-(A/(2P.)) 2 



8N/2 



8V^ 



(16) 



From Eq. flTBl it is apparent that in the case of res- 
onant excitation, i.e. A = 0, these overlaps vanish at 
interaction times r = (7r+2A;7r)/(2f2o) [k £ No). Further- 
more, at these particular interaction times also all other 
overlaps (gj(t)\gi(t)) with j — 2,4,5,6 vanish. Thus, 
in this linearization approximation the quantum states 
pi and pi are orthogonal at these interaction times so 
that they can be distinguished perfectly by a von Neu- 
man measurement described by the projection operators 
{T\ = pi,To = I — Ti}. In this case the success prob- 
ability reduces to p = (1 — exp(— {Q,qt / \/n) 2 /2)) / A and 
approaches the value of p = 1/4 in the limit of suffi- 
ciently large interaction times of the order of the inverse 
vacuum Rabi frequency, i.e. r 3> VW^o = l/^«ac- I n 
addition, the error probability E min of this optimal von 



Neuman measurement vanishes and the fidelity F opt of 
the prepared Bell state |\& + ) equals unity. 

This resonant behavior at these particular inter- 
action times is in marked contrast to the behav- 
ior at large detunings |A/2| |Oo| at which 
we obtain f2 — > |A/2| so that the above men- 
tioned overlaps tend to the non vanishing val- 
ues \(ae- luJt \ gi }\ = exp{-(nor/(n v ^)) 2 /2}/v / 2 and 

|(p 3 |5i)| = exp{-[nor/(2fiv^)] 2 /2}/(8v / 2). As a result, 
in this weak coupling limit it is only for extremely large 
interaction times, i.e. r > |A/fio|/^ac 3> l/^wae> that 
these overlaps become small. However, at these interac- 
tion times, which are significantly larger than the inverse 
vacuum Rabi frequency, typically additional effects orig- 
inating from spontaneous emission of photons also have 
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to be taken into account which have been neglected in 
our analysis. Thus, apart from these extremely large 
interaction times in the weak coupling limit it is never 
possible to distinguish the relevant field states p\ and P2 
perfectly so that the preparation of perfect Bell states 
|^ + ) is impossible. 

Physically speaking, these marked differences between 
the strong and the weak coupling cases are due to the 
characteristic dephasing phenomena which are also re- 
sponsible for the well known collapse phenomena in the 
Jaynes-Cummings-Paul model @. For the case of in- 
teraction times t characterized by the inequalities (|13[) 
these interference phenomena are captured quantita- 
tively by the various slightly shifted coherent states en- 
tering Eq. (fT6| . Although these coherent states of the 
form \ae~ tuJt e l6k ) with ±k = 0,1,2 are shifted in their 
phases only slightly by multiples of the small amount 
6 — fi T / (2 fin) <C 1 their overlaps are given by 

\(ae~ tut e- tk9 \ae- tuJt e- tk ' ) \ = 

exp{-p' -k)T} 2 T/(TiyM)} 2 /2}. (17) 

This implies that for very small interaction times r or 
large mean photon numbers rt, i.e. O r/(OVi)/2 < 1, 
the coherent states entering Eq. (fT6]) are almost identical. 
Thus, in this limit the dynamics is well approximated 
by the semiclassical limit, i.e. n — > oo, in which the in- 
fluence of the single-mode radiation field can be approxi- 
mated well by a classical field and the influence of photon 
fluctuations is negligible. However, for intermediate in- 
teraction times of the order of Q t / {Q^fn)/2 > 1 the 
overlaps of the coherent states entering Eq. (fT6l) become 
small so that their interferences are suppressed signifi- 
cantly. This suppression of interference due to dephasing 
of these coherent states is also the reason for the appear- 
ance of the well known collapse phenomena in the Jaynes- 
Cummings-Paul model. In particular, in the case of res- 
onant excitation it implies that even for arbitrary inter- 
action times of the order of r > v^V^o : = l/^uac the 
field states pi and p2 are almost orthogonal so that they 
can be distinguished almost perfectly by an appropriate 
quantum measurement. Effects of spontaneous emissions 
of photons from the excited state |2) with a spontaneous 
decay rate T can still be neglected as long as the matter- 
field coupling as characterized by the vacuum Rabi fre- 
quency is sufficiently large so that fl vac ^S> T. Meeting 
these requirements is within reach of nowadays experi- 
mental possibilities. The recent experiment by Kimble 
et al. [16] . for example, was performed in the optical fre- 
quency regime and was characterized by the parameters 
n vac /(2Tr) = 16Mhz and r/(27r) = 2,6Mhz. However, 
in cases of large detunings, i.e. |A/2| 3> fio, according 
to Eq.([16p strong dephasing requires significantly larger 
interaction times of the order of r > \A/Q \/^cav ^> 
1/fi-uac for which typically the influence of spontaneous 
decay processes can no longer be neglected. 

In Figs. I2I3H1 numerical results are presented for char- 
acteristic quantitative measures which exhibit to which 
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FIG. 2: Dependence of characteristic quantities on the in- 
teraction time t in the strong coupling limit A = 0: The 
success probabilty for postselecting a Bell state |^' + }.4B of 
Eq.lflO]) (top); the minimum-error probability of the POVM 
measurement of the field of Eq.([9]) (middle); the fidelity of the 
postselected Bell state \^ + )ab of Eq.(fT2")l (bottom). 



extent postselection by a minimum-error POVM mea- 
surement on the optical radiation field is capable of 
preparing a Bell state \^ + )ab- These numerical results 
are based on the exact quantum state of Eq.Q from 
which the minimum-error POVM measurement is deter- 
mined according to Eq.®. This optimum minimum- 
error POVM depends on the characteristic electrodynam- 
ical interaction parameters involved, namely the interac- 
tion time r, the mean photon number n, the detuning 
from resonance A, and the strength of the quantum elec- 
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FIG. 4: Fidelity of the postselected Bell state |$ + )^s of 
Eq. (|12[) in the weak coupling limit A = 5Qo for long inter- 
action times: The effects of dephasing lead to an asymptotic 
increase to unity 
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FIG. 3: Dependence of characteristic quantities on the in- 
teraction time r in the weak coupling limit A = 5f2o: The 
success probability for postselecting a Bell state \^/ + }ab of 
Eq.flTQ} (top); the minimum-error probability of the POVM 
measurement of the field of Eq. © (middle) ; the fidelity of the 
postselected Bell state |* + }ab of Eq.(fI2)) (bottom). 



trodynamical coupling as measured by the resonant mean 
Rabi frequency f2o- In all these figures the mean photon 
number of the initially prepared coherent field state \a) is 
given by n = \a\ 2 = 100 so that typical quantum electro- 
dynamical effects originating from photon number fluctu- 
ations as measured by An = \ffL = 10 are still apparent. 
In particular, this implies that deviations from the previ- 
ously discussed analytical predictions of the linearization 
approximation are still observable. 

Characteristic features of the strong coupling regime, 



i.e. A = 0, are depicted in Fig(2] as a function of the 
dimensionless parameter Qt/(2it) which involves the in- 
teraction time r and the effective mean Rabi frequency 
f2. Consistent with the approximate analytical expres- 
sion for the apriori probability p as given by Eq. (|15p for 
shorter interaction times r the success probability Pseii 
of Eq. dTO)) exhibits maxima at integer multiples of the 
interaction time r = 7r/0 (top). These maxima corre- 
spond to multiples of Rabi cycles at which the material 
three-level systems are found again in their initially pre- 
pared states |0) and |1) which constitute the qubits to be 
entangled. Correspondingly, also minima appear at odd 
integer multiples of the interaction time r = (n/2)/ft 
at which the three-level systems involved populate the 
excited state |2). However, for larger interaction times 
these maxima and minima become less pronounced. This 
reflects the influence of the dephasing originating from 
the dependence of the Rabi frequencies f2(n) on the pho- 
ton number n in Eq.Q which is also responsible for 
the collapse phenomena in the Jaynes-Cummings-Paul 
model [S]. In the limit of large interaction times, i.e. 
fir > \fn the success probability approaches the value 
1/4 consistent with Eq. (115l) . The minimum-error prob- 
ability of Eq.® always exhibits maxima at completed 
Rabi cycles, i.e. at integer multiples of the interaction 
time t — n/D, (middle). Thus, at these interaction times 
it is difficult to distinguish the field states p\ and pi even 
by a minimum-error POVM measurement. This is due 
to the fact that in view of the periodic Rabi oscillations 
at these interaction times the atom-field state is similar 
to the initially prepared quantum state of Eq.© which 
is characterized by the property that the field states p\ 
and f>2 are identical and thus indistinguishable. This is 
also the reason for the vanishing success probability at 
t = 0. However, due to dephasing the difference between 
minima and maxima of the minimum-error probability 
eventually vanishes in the limit of sufficiently large in- 
teraction times. Similarly, also the fidelity of a Bell pair 
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which is postselected by such a minimum-error POVM 
field measurement exhibits periodic oscillations with the 
Rabi frequency £1 (bottom). The maxima of these oscil- 
lations appear at odd integer multiples of the interaction 
time t = (7r/2) /H At these interaction times the three- 
level systems are likely to be found in the excited states 
1 2) so that we expect small success probabilities at these 
interaction times. However, due to dephasing and the 
related collapse phenomena at sufficiently long interac- 
tion times the differences between minima and maxima 
of the fidelity eventually tend to zero and the achievable 
fidelity approaches its maximum possible value of unity. 
These sufficiently long interaction times of the order of 
t > \^/Qo = l/fl vac are therefore most favorable for 
preparing a high-fidelity material Bell pair in the Bell 
state |\I/ + )ab provided spontaneous emission of photons 
into other modes of the radiation field is negligible. Re- 
cent quantum electrodynamical experiments performed 
in the strong coupling regime [l6j demonstrate that such 
large vacuum Rabi frequencies are within nowadays ex- 
perimental possibilities. 

This strong coupling behavior is in marked contrast to 
the dependence of these characteristic quantities on the 
interaction time in the weak coupling limit in which the 
detuning is large, i.e. |A| ^ Slo- This case is depicted 
in Figs J3] and 2J From the interaction times shown in 
FigEl characteristic oscillations of these quantities with 
the mean Rabi frequency — > |A/2| are apparent. They 
originate from the instantaneous turn on and turn off 
of the interactions between the optical radiation field 
and the quantum systems A and B. Although at their 
maxima the success probabilities Pseii are are slightly 
larger than in the resonant case of Fig|2] the fidelity of 
the postselected Bell pairs is significantly smaller and os- 
cillates slightly around the value of F opt = 1/V2. In 
view of the large detuning considered effects of dephas- 
ing are negligible for the interaction times depicted in 
FigUJ Effects of dephasing become important only in 
the limit of extremely long interaction times of the order 
of t > \A/Q \/Q cav ^> l/VL vac - The resulting collapse 
phenomena cause an increase of the achievable fidelities 
so that asymptotically they approach the maximum pos- 
sible value of unity (compare with Fig|4]). However, typ- 
ically at these extremely long interaction times the influ- 
ence of spontaneous emission of photons into other modes 
of the radiation field is no longer negligible and our the- 
oretical model is no longer adequate for describing such 
cases. Therefore, for the preparation of high-fidelity Bell 
states by postselection the weak coupling regime exhibits 
clear limitations even if the postselection is performed by 
minimum-error POVM mcasurments. 



III. EFFECTS OF PHOTON LOSS 

In this section we investigate the effects of photon loss 
during the propagation of the single-mode optical radia- 
tion field through the optical fiber. Modeling the result- 



ing propagation-induced photon loss of this single-mode 
field by the dynamics of a damped harmonic oscillator 
characteristic features of entanglement creation by post- 
selection are discussed. It is demonstrated that in the 
strong coupling regime of resonant interactions besides 
an overall decay of success probabilities and achievable 
fidelities of the postselected Bell pairs also characteris- 
tic interference oscillations appear which originate from 
dephasing and the associated collapse phenomena. 

Let us consider again the quantum electrodynamical 
model of Sec lII Al with the only difference that during 
the propagation of the optical radiation field through the 
fiber the dynamics is described by a damped harmonic 
oscillator. Thus, during the time interval (t, T + t) the 
free dynamics of the optical radiation field previously de- 
scribed by the Hamiltonian Hp = fuva^a is replaced by 
the Lindbladian master equation 



dp 
~dt 



: [H F ,p] + [L,ptt] + [Lp,V]=£p (18) 



for the field state p{t) with the Lindblad operator L = 
\/ "f/2d. Thereby, the damping rate 7 with its associated 
quality factor Q = w/7 characterizes the photon loss in 
the optical fiber. 

A general solution of this equation can be obtained 
with the help of a Laplace transformation 



p(t)e~ zt dt 



(19) 



which transforms the master equation with the initial 
condition p{t = 0) into an algebraic equation for p(z). 
Inverting its solution with the help of the inverse relation 



1 

27ri 



t p(z) dz 



(20) 



we obtain the corresponding solution p(t) for the field 
state at time t. Thereby, the path of integration C 
has to be chosen in such a way that all poles of p(z) 
are included. Thus, in the number representation, i.e. 
p(t) = X^ m=0 P«,m(*)exp[-iw(n- m)t]\n)(m\, the time 
dependent solution of the master equation (|18[) is given 
by 



-7(m+n)t/2 



2 = 



(* = 0) x 



y/(n + iy.y/(m + i)\ (1 



-yt\i 



(21) 



With the help of this solution it is straightforward to 
propagate any field coherence, say |n)(m|, from time r, 
i.e. immediately after the interaction of the optical field 
with quantum system A, to time T + r, i.e. after com- 
pletion of the propagation through the fiber. Thus, a 
coherence between coherent states, such as |/3)(a|, for 
example, evolves to a coherence of the form 



JIT 



l/3>H 



-(i- 



)(- 



-/3a*) 



We 



-7T/2 



}(ae 



' lT/2 \. 
(22) 
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In Figj5] numerical results are presented which demon- 
strate characteristic properties of the postselection of a 
Bell state | v E' + )ab by a minimum-error POVM measure- 
ment of the optical radiation field in the presence of pho- 
ton loss during propagation through the optical fiber. 
Thereby, the quantum state resulting from all interac- 
tions between the optical field and the quantum systems 
A and B has been evaluated numerically with the help 
of relation ([2"Tj) . Apart from the photon loss during the 
propagation through the optical fiber and the choice of a 
fixed interaction time the parameters are the same as in 
Figl^l The interaction time r = (23/4)27r/f2o has been 
chosen in such a way that in the absence of photon loss 
the fidelity of creating a Bell state has a maximum and 
that its value is close to unity (compare with Fig|2]). Fig|5] 
depicts the dependence of the characteristic quantities 
Pseii, E m i n , and F opt of this minimum-error postselec- 
tion procedure on the time T of propagation through 
the fiber. It is apparent that photon loss tends to de- 
crease the success probability Pseii and the fidelity F opt 
of the postselected Bell pair. At the same time is also 
increases the minimum error E min . For an optical fiber 
with an intensity loss of D dB /m propagation durations 
T can be translated into lengths L of the optical fiber 
by the relation L = (7T)20/(Dlnl0). Thus, at a wave 
length of 1550nm with a photon loss of 0.2dB/km, for 
example, the maximum value of 7T = 0.3 depicted in 
Fig E] corresponds to a fiber length of L — 13029m. It is 
interesting to note that all the characteristic quantities 
depicted in FigJS] exhibit also an oscillatory behavior. It 
can be traced back to the fact that according to Eq. (|2"2")l 
for small photon loss, i.e. 7T <C 1, all relevant field co- 
herences between coherent states also involve a charac- 
teristic frequency ui — r ylm(a* /3). According to Ed. Q 140 
due to dephasing typical relevant coherent states are of 
the form \ae zke ) with k = ±1, ±2, .... Therefore, an esti- 
mate of these characteristic frequencies can be obtained 
by assuming that a — \ffie %6 and /? = y/fi, for exam- 
ple, which yields an oscillation frequency of the order of 
Co = 7n(OoT/(2n)) = for resonant coupling , i.e. 

A = 0. 



IV. SUMMARY AND CONCLUSION 

In generalization of the hydbrid quantum repeater 
model of van Loock et al. [H, H, 0] we have studied the 
possibilities of preparing high-fidelity Bell pairs of two 
material qubits by postselection with the help of a single- 
mode optical radiation field. Whereas the original pro- 
posal of van Loock et al. [1[ concentrated on the dynam- 
ical regime of weak coupling, in which the interaction 
between the optical radiation field and the two material 
quantum systems involved can be described perturba- 
tively, our discussion concentrated on the strong coupling 
regime of almost resonant interaction. For this purpose 
we determined the optimum POVM measurements which 
have to be performed on the single-mode optical radia- 



0.5 rr 
0.4 - 
0.3 - 



PBell -' 

0.2 - 




0.1 - 

0.0 ' 

0.00 0.05 0.10 0.15 0.20 0.25 0.30 

0.5 r I 

0.4 - : 
0.3 - : 

'min 

0.2 : 




0.00 0.05 0.10 0.15 0.20 0.25 0.30 




0.8 - 

F op t : 

0.7 - 

0.6 : : 

0.5 ' 

0.00 0.05 0.10 0.15 0.20 0.25 0.30 

yT 

FIG. 5: Dependence of characteristic quantities on the prop- 
agation time time T ( in units of I/7) through a lossy optical 
fiber in the strong coupling limit A = for an interaction 
time r = (23/4)27r/f2o: The success probability for postselect- 
ing a Bell state |^ + }as of Eq. (|10[) (top); the minimum-error 
probability of the POVM measurement of the field of Eq.© 
(middle); the fidelity of the postselected Bell state \^> + }ab of 
Eq.JTJ]) (bottom). 



tion field in order to postelect a Bell pair with minimum 
error. On the basis of this analysis we demonstrated that 
some of the limitations of the non- resonant weak coupling 
limit can be circumvented successfully in the strong cou- 
pling regime. In particular, provided the propagation of 
the optical radiation field through the fiber is ideal it is 
possible to create Bell pairs of fidelities arbitrarily close 
to unity provided the interaction time between the ma- 
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terial quantum systems and the optical field is chosen 
properly. This is due to the fact that at these particu- 
lar interaction times the quantum states of the optical 
radiation field which are entangled with the desired two- 
qubit Bell state and with the other material quantum 
states involved are almost orthogonal so that they can 
be distinguished almost perfectly by a von Neuman mea- 
surement. This is in marked contrast to the weak cou- 
pling regime of non-resonant interaction where the rele- 
vant field states are always non orthogonal so that they 
cannot be distinguished perfectly by any quantum mea- 
surement and the resulting postselection is never perfect. 
Furthermore, due to photon-induced dephasing effects 
which are characteristic for the collapse phenomena of the 
Jaynes-Cummings-Paul model at these interaction times 
the success probabilities tend to the limiting value of 1/4 
and are not significantly smaller than the corresponding 
values (of the order of 0.4) achievable in the weak cou- 
pling regime. We have also explored effects originating 
from photon loss taking place during the propagation of 



the optical radiation field through the optical fiber. In 
addition to an overall decrease of achievable fidelities and 
success probabilities, in the strong coupling regime also 
an oscillatory behavior is apparent which originates from 
dephasing and the connected collapse phenomena. Thus, 
the strong coupling regime of the hybrid quantum re- 
peater model of van Loock et al. [J offers interesting per- 
spectives for entangling material quantum systems over 
not too long distances and thus for providing high-fidelity 
Bell pairs at high repetition rates for future realizations 
of quantum repeaters. 
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